Abstract: We compute the large N limit of the localized three dimensional free energy of various field theories with known proposed AdS duals. We show that vector-like theories agree with the expected supergravity results, and with the conjectured F -theorem. We also check that the large N free energy is preserved by the three dimensional Seiberg duality for general classes of vector like theories. Then we analyze the behavior of the free energy of chiral-like theories by applying a new proposal. The proposal is based on the restoration of a discrete symmetry on the free energy before the extremization. We apply this procedure at strong coupling in some examples and we discuss the results. We conclude the paper by proposing an alternative geometrical expression for the free energy.
Introduction
Recently, three dimensional field theories on curved backgrounds gained new attraction from the observation that the partition function localized on S 3 can be reduced to a matrix integral, providing an exact quantity of the quantum theory. This was established in [1] by generalizing the four dimensional results of [2] , and allowed many checks of known and expected results of three dimensional field theories.
One of the most attractive consequences is the possibility to compute in field theory some results already known from the gravity dual in the AdS 4 /CFT 3 correspondence [3] [4] [5] [6] [7] . This should provide a non trivial test of the correspondence itself.
The AdS 4 /CFT 3 correspondence relates M -theory on AdS 4 × Y to a three dimensional SCFT describing the IR dynamics of M2 branes probing a Calabi-Yau cone X = C(Y ) over the seven dimensional Sasaki-Einstein manifold Y .
In [3] [4] [5] [6] it was shown that a Chern-Simons (CS) matter theory is necessary to describe the low energy theory on M 2 branes, which eventually lead to the ABJM theory [7] for N M 2 branes in X = C 4 /Z k . Cases with lower supersymmetry can be studied by modifying the manifold X.
The localized partition function on S 3 gives us a further handle to check this construction. As a prominent example, in [8] the predicted N 3/2 free energy scaling of gravity backgrounds generated by M2-branes has been reproduced in the strongly coupled field theory side of the ABJM model. Furthermore, in [9] the authors observed a direct relation between the volume of the base of the Calabi-Yau space X transverse to a stack of N M2 branes and the large N partition function of the corresponding N = 3 field theory on the branes world volume.
In the N = 2 case the mass dimensions of the superfields at the infrared fixed point are not fixed by supersymmetry, due to the mixing of the R charge with the abelian symmetries of the theory. The partition function for an arbitrary choice of R-charges in N = 2 theories was first computed in [10, 11] . In [10] it was shown that the partition function Z, computed on a three sphere, is extremized by the exact superconformal R-symmetry. Then it was observed that the free energy F = − log |Z| has a monotonic decreasing behavior along the the RG flow, and this led to conjecture the existence of an F -theorem [12, 13] .
This technique has been successfully applied to a wide spectrum of three dimensional field theories [12, [14] [15] [16] [17] [18] [19] [20] [21] [22] , both at weak and at strong coupling. The former computations can be matched with the standard diagrammatic evaluations. The latter provide a way to test the proposed AdS/CFT dual pairs. The supergravity dual predicts that the free energy at leading order in a large N expansion is given by F N 3/2 Vol(Y ) −1/2 . Thus, one may compute the free energy from the field theory side and check the proposed correspondence by comparison with the volume of the transverse geometry. A large class of AdS/CFT dual pairs has passed this nontrivial test [12, 14, 15] . However, every field theory considered so far contains an equal number of bifundamental and anti-bifundamental fields for each gauge group. By borrowing the four-dimensional language, they are called vector-like (or non-chiral) theories. Another class of theories contains a different number of bifundamental and anti-bifundametal fields for some of the gauge groups (chiral like gauge theories). Previous results in these cases showed that the same techniques used in the nonchiral computations do not lead to the scaling F ∝ N 3/2 , but instead to F ∝ N 2 . Understanding whether this is only an artifact of the applied techniques is one of the aims of this paper.
In this note we discuss several aspect of the AdS 4 /CFT 3 correspondence for N = 2 SCFTs with the help of the localized free energy.
We start by discussing several vector-like theories. It was observed in many examples [12, 14, 15, 23] that the free energy with arbitrary R-charges and the volumes as functions of the geometrical data are the same even before extremization. Here we generalize this result and show that it is natural to consider the meson generating function, which intrinsically encodes the information on the global symmetries and reproduces the free energy as a function of the charges under these symmetries. This is an analogous observation to what has been proven in four dimensions [24, 25] . We observe further, that the free energy decreases along an RG flow connecting the theories that we consider, corroborating the validity of the conjectured F -theorem. On the field theory side, the RG flow corresponds to giving an expectation value to one of the scalar fields and then integrating it out. This has a counterpart on the gravity side related to partial resolution of the singularity.
Then we discuss Seiberg duality in vector like theories with multiple gauge groups. We observe that the large N free energy is preserved even before extremization, as in the N = 3 case [9] under the rules derived in [26] [27] [28] .
We then switch to the analysis of large N chiral like quiver gauge theories, and its relation with the volumes of the proposed dual toric Sasaki-Einstein manifolds. We apply the technique recently discussed in [29] , where it was observed that a consistent large N limit in the chiral-like models needs the free energy to be rewritten in a manifestly symmetric form. Indeed, there exists a hidden reflection symmetry acting on the Cartan sub-algebra of the gauge group whose manifest appearance is crucial, in the large N limit, to reproduce the leading order behavior of the free energy itself. One can then think to extend this conjecture in the strongly coupled regime, and see if the expected large N scaling properties are recovered even in that limit. Even though such an extension is non-trivial and we leave some open questions for further study, we observe that there are at least two models described by chiral like quiver gauge theories which fit with this procedure, namely M 111 /Z k and Q 222 /Z k . Many quiver gauge theories have been conjectured to describe the motion of M2 branes probing these singularities [28, [30] [31] [32] [33] [34] . Here we concentrate to the phases that share the same field content and superpotential of a stack of D3 branes probing C 3 /Z 3 and
0 respectively. We show that once the monopole charge is set to zero the value of the extremized free energy corresponds to the AdS/CFT volumes computation.
The last topic that we discuss is related to the construction of a pure field theoretical quantity from the geometrical data, along the lines of [24] . Indeed in that paper it was shown that the central charge a can be obtained directly from the information of the dual geometry. We show that the generalization does not follow straightforwardly. By exploiting the symmetries of toric Calabi-Yau four-folds, we give a procedure to generalize the cubic formula of [24, 35] to three-dimensional field theories. We apply our general discussion to many examples and find, quite surprisingly, a formula that is quartic in the R charges and reproduces the field theory computations by only using the geometrical data and without any reference to localization.
The paper is organized as follows. In Section 2 we review the computation of the moduli space of toric N = 2 gauge theories and review the methods to extract the geometrical data from the field theory. In Section 3 we compute the localized free energy in vector-like models and compare with the geometric dual predictions. The Seiberg dual phases of a large class of vector-like theories with multiple gauge groups are discussed in Section 4 and the duality from the large N free energy point of view is presented. In Section 5 we explain our approach to the large N extremization of the free energy in chiral-like models and apply it to some examples. We comment on a different formulation of the extremization problem in field theory and on its relation to the volume minimization in Section 6. We conclude by discussing our results and by outlining possible directions for further research.
Note added: section 3 of [36] , which appeared on the same day as this paper, significantly overlaps with our section 4.
2 N = 2 CS toric quivers and their moduli space
The field theory description
In this section we briefly review the main aspects of the gauge theories that we study in the rest of the paper. They are three dimensional N = 2 supersymmetric quiver gauge theories which are believed to describe the low energy dynamics of a stack of M2 branes probing a toric CY 4 singularity. We consider a product gauge group U (N a ) such that the corresponding gauge fields have a Chern-Simons term at level k a . We add matter fields either in the bifundamental or in the adjoint representation of the gauge groups. In the N = 2 language, the Lagrangian reads
The first term is the CS Lagrangian at level k a for the gauge superfield V a associated to the gauge group U (N a ) ka . The second term is the usual minimal coupling between matter and gauge fields, and W is the superpotential. We will be interested in toric field theories, where every matter field appears exactly twice in the superpotential, once in a term with a positive sign and once in a term with a negative sign. This is the toric condition, which highly constrains the space of solutions to the F-terms. In three dimensions, in the WZ gauge, the vector superfield is
where we drop fermionic indices. The field σ is an auxiliary scalar coming from the dimensional reduction four dimensional gauge field. In terms of the component fields, the classical Chern-Simons Lagrangian becomes
The classical moduli space for unbroken supersymmetry is obtained by minimizing the scalar potential, which is equivalent to the vanishing of the F-and D-terms
In this paper we study the moduli space for the abelian case N a = N = 1. This is the mesonic moduli space M and corresponds in the gravity dual to the transverse space of a single M2-brane. In all our examples, the latter is a four-dimensional toric Calabi-Yau cone. The moduli space of the non-abelian theories can be obtained by taking the N -th symmetric product of M [37] [38] [39] . We start by solving the F-term equations given in the first line in (2.4). The solutions of these equations define the master space Irr F b [40] , whose main irreducible component is a toric variety of dimension G + 2, where G is the number of gauge groups. The remaining three dimensional equations of motion turn out to be slightly more involved than the fourdimensional ones, because of the scalar auxiliary field σ. First, we see that the third equation in (2.4) sets every σ a = σ if we want to avoid trivial solutions. Furthermore, since the overall gauge group decouples, we have to choose the Chern-Simons levels such that 5) otherwise the mesonic moduli space is three dimensional [37, 38] , and cannot describe the transverse space to a M2 brane. This leaves only G−1 independent equations out of the G in the second line of (2.4). We take G−2 nontrivial linear combinations of the independent moment maps µ a such that each linear combination vanishes using (2.4); these identify directions in the gauge space orthogonal to the k's and they correspond to canonical D-terms. They are automatically solved if we impose gauge invariance under the complexified gauge group. The remaining equation, which identifies the parallel direction to the k's, sets the value of σ, which does not affect the following discussion. Furthermore, one can show that the corresponding gauge group is broken to a discrete subgroup and that it is not imposed as a continuos gauge symmetry. The mesonic moduli space M is obtained by modding out the irreducible component of the master space by the G − 2 gauge groups described above. Formally, it can be written as
where H is the (C * ) G−2 kernel of
The toric description
In the case of toric quiver gauge theories, the information about the moduli space of the field theory is encoded in a set of combinatorial data which are represented through the so-called toric diagram. For most purposes, the latter is the only object one needs in comparing field theoretical and geometrical quantities, and it can be extracted in many ways. The algorithm we will use heavily relies on the results presented in [30, 41] . In order to obtain the toric diagram from the field theory data, we construct the so-called perfect matching matrix in two steps, as follows. Due to the toric condition, there is an even number of superpotential terms, half of them come with a positive sign, and the other half with a negative sign. Moreover, every field X appears exactly once in each set of terms, say in the i-th term of the positive set and in the j-th term of the negative set. We construct a matrix by adding the fields X to the (i, j)-th entries. The determinant K of this matrix is a polynomial with c terms. Once again we construct a matrix, this time the (i, j) entry is 1 if the i-th field is in the j-th term of K, and 0 otherwise. This is is the perfect matching matrix, which we denote P . We can decompose the fields as X a = Then we define the incidence matrix d of the quiver. Each row corresponds to a gauge group, and each column to a field. The (i, j) entry is 1 if the j-th field transforms in the fundamental representation of the i-th gauge group, −1 if the field transforms according to the antifundamental representation, and 0 otherwise. By using the incidence matrix and the perfect matching matrix we can define a new matrix Q by
It is the charge matrix of the associated GLSM [42] , and gives the D-terms when modded out by the gauge symmetry. Similarly, the perfect matching matrix P , extracted from the superpotential alone, gives the F-terms. Putting this together, the toric diagram for the complex four-dimensional Calabi-Yau cone is given by
where C is given in (2.7). G T is a matrix with four rows and the n columns are the n four-vectors generating the fan for the four-dimensional toric Calabi-Yau cone. Every column of this matrix is in one-to-one correspondence with the perfect matchings represented as the c columns of P or the c terms in K. By a SL(4, Z) transformation we can rotate all the vectors such that each last component is 1, viz. v i = (w i , 1), i = 1, . . . , n. This is due to the Calabi-Yau condition. The convex hull of the w's is the toric diagram.
The toric diagram encodes all the data about the toric Calabi-Yau and its base, which by definition is a toric Sasaki-Einstein space. In particular, we can compute the volume of the base and of its five-cycles by only looking at the vectors in the matrix G T . Each independent compact five-cycle is in correspondence with an external point of the toric diagram and its volume is a function of the Reeb vector b [43] , a constant norm Killing vector field commuting with all the isometries Y . Let v i = (w i , 1) be the vector in the toric fan, corresponding to the external point w i in the diagram and consider the counter-clockwise ordered sequence of vectors w k , k = 1, . . . , n i , that are adjacent to v i . We can compute the volume of a 5-cycle Σ i on which a M5 brane is wrapped as [33, 43] Vol(Σ i ) =
and define the sum of these volumes as A five-brane wrapped on a given five-cycle Σ i corresponds to an operator with dimension [44] 
In the next section we present yet another way to compute the volume functional of the underlying moduli space geometry, directly from the field theory data but having a very natural interpretation in the toric language.
The Hilbert series
A convenient way to extract the volume of the moduli space, which does not require the geometrical technologies involving the Reeb vector and individual 5-cycles, is related to counting the mesonic operators. The counting can be performed by the Hilbert series, which is the partition function for the mesons on the M2 moduli space, see e.g. [33, 40, 45] . The pole of the series gives the demanded volume, while keeping track of the dependency on the global symmetries. In the toric case the counting becomes particularly easy, since we we can systematically solve the F -terms through perfect matchings, which results in the quotient description of the moduli space
Here, d denotes the number of perfect matchings assigned to external points of the toric diagram and the charge matrix of the quotient is given by the linear relations amongst the corresponding vectors in the fan. This quotient construction makes manifest the dependency on all of the global symmetries, which the moduli space inherits from the natural isometries of the ambient space C d . Generically, there are more external perfect matchings than global symmetries. This is because we had to introduce extra fields together with spurious symmetries, which are not seen by the physical fields, when solving the F -terms via perfect matchings. Upon parameterizing the symmetries by the perfect matchings we might encounter a redundancy.
The Hilbert series for the flat ambient space reduces to the geometrical series Hil ∼ 1/(1 − t)
d , and the quotient can be realized by projecting on the singlets under the (C
14)
is the monomial weight of the i-th homogeneous coordinate under the (C * ) d−4 action in (2.13). If we further set t i = e −2 a i and take the → 0 limit, we have [46] 
which gives us an expression for the volume of the base Y in terms of charges under the global symmetries, corresponding to the external perfect matchings.
3 Vector-Like models
The free energy of large N vector-like quivers
In this section we discuss the computation of the leading order term of the free energy of vector-like field theories in a large N expansion. The localized partition function on the three-sphere reads m is the bare monopole charge associated with the ath gauge group and (z) is the one loop determinant of the matter fields computed in [10, 11] 
with derivative (z) = −πz cot (πz) (3.3) and ρ refers to the weights of the representation of every single matter field.
Following the presentation of [12] , we restrict to theories with a product gauge group U (N a ) ka , at large N and with k a = 0. The integral at large N a and finite k a is dominated by the minimum of the free energy F = − log |Z|. The equations of motion ∂ λ (a) i F = 0 contain two kinds of contributions that act on the eigenvalues [12, 14] , dubbed short range and long range forces. The latter are defined as those contributions that can be approximated with the sign of Re(z) in (3.1), and cancel out in vector-like theories which satisfy k a = 0 and where the eigenvalues are given by λ
For large enough N , one can replace the discrete set (3.4) with |G| continuous variables. The real part of the eigenvalues becomes a dense set with density ρ(x) = ds/dx and the imaginary parts y
become the functions y a (x). One finds that the free energy is given by two contributions, one is the classical one from the Chern-Simons and monopole terms
while the second contribution comes from the one loop determinant of the vector and the matter fields. The former actually vanishes and we are left with the latter. In vector-like theories, for a pair of bifundamental and anti-bifundamental fields with dimensions ∆ ab and ∆ ba respectively, we have
where
For an adjoint field we use (3.6) with a = b and divide by a factor two. Equation (3.6) is only valid in the range |δy ab | ≤ π∆ + ab . While our solutions will always respect this constraints, one should note that in general the free energy is not a differentiable function at |δy ab | = π∆ + ab . The resulting free energy has to be extremized as a functional of ρ and the y's. The former has to satisfy the constraints dx ρ(x) = 1 ρ(x) ≥ 0 pointwise to be interpreted as an eigenvalue density. We will impose the former constraint through a Lagrange multiplier µ. This set of rules is enough to compute the free energy of the vector like theories as a function of the R charges. As observed in [12] the expressions (3.5) and (3.6) possess flat directions which parameterize the symmetries on the eigenvalues and on the R charges. By defining the real parameters η (a) they are
Relation with the geometry
We want to put forward the immediate coincidence of the mesonic expression for the volume of the Sasaki-Einstein space Y as discussed in section 2.3,
with the free energy of the field theory evaluated at large N . 1 The free energy is a function of the conformal dimensions ∆ a of the fields X a and we can identify
where ∆ a = i P ai a i , with i running over the external perfect matchings and P ai being the matrix introduced in section 2.2. According to the discussion in section 2.1, due to the gauge symmetries (3.7) of F we can identify G − 2 baryonic symmetries which do not contribute to the free energy functional. This is reflected by the invariance of the Hilbert series under the same symmetries, as we projected on the mesonic singlets. A similar decoupling is well-known from the four-dimensional case [24] . We identify several advantages when inferring the volumes from the Hilbert series. First, (3.8) provides a fast and more direct way than (2.11) to obtain the geometrical informations of the volumes, without the need of mapping the R-charges of the PM with the volumes of the 5-cycles as in (2.12). Moreover we can compute the Hilbert series even in non-toric models, where we cannot use the simple formulas (2.11) and (2.14) anymore, opening the way for a more general analysis as in [25] .
In the appendix A we also discuss the matching of the field theory free energy with the geometrical Z-function at arbitrary Reeb vector. 
Examples
We now apply the discussion above to compute the free energy of some vectorlike models. Our aim is to compare the localized quantity with the pole of the meson counting function introduced in section 2.3. In all our examples we find that the result from the Hilbert Series and the large N free energy coincide even before extremization. Our results do not rely on the underlying symmetries enjoyed by the quiver gauge theories at the infrared fixed point and generalize some of the results in [14] .
We study the vector-like theories C × C, SPP and C/Z 2 . The mesonic moduli space and the Hilbert Series of the first two models have already been studied in [33] , there the tilded names are inherited from the four-dimensional theories which have the same quiver but YM instead of CS interactions. The three theories are connected by an RG flow, which on the field theory side corresponds to giving a VEV to one of the scalar fields and then integrating it out. This is reproduced on the gravity side by a partial resolution of the singularity, which can be conveniently represented as removing an external point in the toric diagram. This is equivalent in the geometric RG flow to blowing up a singularity, which in turn implies that the volume of the manifold increases. Hence, once established the relation F 2 ∼ 1/Vol, the decreasing of F follows immediately in these cases, in agreement with the conjectured F -theorem.
C×C. Consider a theory with gauge group U (N ) k ×U (N ) −k , two adjoints φ i and two pairs A i , B i , i = 1, 2 of bifundamental fields in the (N,N) and (N, N), respectively, as depicted in the quiver of figure 1. The superpotential is
and the moduli space is C × C, where C is the conifold. Finding the exact superconformal R symmetry requires, a priori, an arbitrary choice of combining the G + 2 = 4 abelian symmetries (subjected to R trial [W ] = 2) to parametrize the dimensions ∆ and eventually finding the exact choice of R by extremizing F . We want to keep an eye on the correspondence and parametrize the dimensions in a way that allows for natural comparison with the geometry even before extremization. To this end, we assign to each external perfect matching p i the charge a i , where we deliberately over-count global symmetries by the number of relations between the external p i 's. Since perfect matchings correspond to points in the toric diagram, given in figure 1, we can then directly incorporate the toric data of the moduli space. The perfect matching matrix suggests the charge assignment
where the marginality condition on the superpotential ∆(W ) = 2 is reflected by
Following the rules outlined in the previous section, we get the free energy functional
and we defined u = u(x) ≡ y 1 (x) − y 2 (x). Note that we have included the monopole charge ∆ m not via a topological term in the free energy functional, but via a 4/5 → a 4/5 ±2∆ m , corresponding to the direction in the abelian gauge space which is broken to Z k . This can be done by shifting y a → y a − ∆ m /k a . The free energy functional is extremized for
where, without loss of generality, we assumed that a 1 > a 2 and a 4 > a 5 . Furthermore, we used (3.11) and for the ease of notation we denoted ψ ≡ ∆ ψ for a field ψ. In the outer regions of (3.13), u is frozen to u min = −2π(a 2 + a 4 ) and u max = 2π(a 2 + a 5 ), respectively. In the middle region we find
The Lagrange multiplier µ is fixed by ρ = 1 and the free energy finally reads
We want to compare this to the Hilbert series. From the toric data in figure 1 and (A.1), we read off the monomial weights
We can then compute the Hilbert series (2.14),
whose pole for t i = e −2εa i → 1 indeed reveals 1/F 2 from (3.15). That this is a good description of the mesonic moduli space might look puzzling, when only counting parameters. As mentioned above, there are generically more a i 's, namely (G + 2 + (# of relations on the external pm's)) 2 then there are mesonic symmetries, namely 4. The key observation is though, that the a i 's appear only in combinations of meson charges, hence modulo baryonic and spurious symmetries. In our example this is particularly easy since, given G = 2, there are no baryonic symmetries in the game. We do, nevertheless, identify the non-physical, spurious symmetry
which reflects the relation p 1 + p 2 = p 4 + p 5 of the perfect matchings and reduces the number of independent a i 's to 4. These can in principle be mapped to the charges under the Cartan-part of the global symmetry
In absence of baryonic symmetries the bifundamental fields by themselves are mesonic operators, and their dimensions appear in the final result for F . We conclude this example by observing that in [12] the authors discussed a dual phase of this theory, which involves fundamental flavor fields. Upon the identifications of the PM the two expressions for the free energy coincide. SP P . Next, we want to study the quiver in figure 2 with gauge group 3 , one adjoint φ of the U (N ) 1 , and three pairs A i , B i , C i of (anti) bifundamentals in the (N,N, 1), (1, N,N), (N, 1, N) representation of the gauge group, respectively, and Chern-Simons couplings (−k 2 −k 3 , k 2 , k 3 ). The superpotential reads
As special cases, the family includes SP P −211 and D 3 = SP P 1−10 . From the perfect matching matrix, we again infer the charge assignment [33] 19) where the six a i 's include one redundancy and one baryonic direction. For the ease of notation, let us introduce the combinations
a convenient parametrization for solving the saddle point equations. The free energy functional is given by
Here u = y 1 − y 2 and v = y 3 − y 1 . For arbitrary CS levels and R-charges, the eigenvalue distribution is generically divided in five regions. We refrain from writing down the explicit functions u(x), v(x) and ρ(x), 3 since their expressions are cumbersome and not illuminating. We have computed F with arbitrary levels k 2 and k 3 , where we had to made a choice on the relative sign. We skip the general expression because it is too cumbersome, and we focus on two specific examples. Nevertheless, we checked the agreement with the geometry at arbitrary levels k i . Consider SP P −211 
and
Note that upon (3.19), these are expressions in terms of the a i 's. The monopole charge is included along
which corresponds to the direction in gauge space parallel to the k's. The overcounting is reflected by the spurious symmetry
and also the contribution of the baryonic symmetry
is indeed a symmetry of F . For the Hilbert series, we extract the weights of the quotient from the toric data in figure 2 and (A.3) ,
from which we compute
. The t i = e −2εa i → 1 pole of (3.24) reproduces the free energy, where one again has to make choices on the signs of the k i 's.
C/Z 2 . The generalized conifold with N = 3 supersymmetry has been studied in [9] , here we do not want to assume N = 3 supersymmetry and consider the quiver as a N = 2 model, i.e. we assign arbitrary R charges to the fields. The field content is shown in figure 3 , the CS couplings are (k, k, −k, −k) and we parametrize the R-charges of the fields corresponding to the perfect matchings
There is no redundancy but two baryonic symmetries, which are no actual degrees of freedom in the free energy. The eigenvalue distribution is divided in five parts, again we refrain from giving all the formulae and just present the result
26) where we used a similar rewriting as in (3.20) .
From the toric diagram in figure 3 and (A.5), we read off the charge matrix for the Hilbert series
. (3.27) Its pole for t i = e −2εa i → 1 immediately reproduces (3.26).
Let us comment on the RG flow between the three theories discussed so far. We can follow the flow between the fixed points C/Z 2 → SP P → C × C by partially resolving the singular spaces. This corresponds to removing points in the toric diagram [30] . More explicitly, upon removing point 1 and one of the internal points in figure 3 , we obtain the diagram of figure 2, up to renaming. In the field theory, this corresponds to giving a VEV and integrating out A 1 = p 1 p 7 . Note that p 7 is an internal perfect matching, which is the reason we have omitted it in the discussion so far. The groups U (N ) k 1 and U (N ) k 2 are identified to U (N ) k 2 +k 3 and A 2 becomes the adjoint field in SP P . If we now in figure 2 remove also point 4, we end up with the diagram of C × C in figure 1 , modulo relabeling the points. In the field theory this is achieved by higgsing B 2 = p 4 . ABJM/Z 2 . We consider the theory with product gauge group 4 i=a U (N ) a , ChernSimons levels (k, −k, k, −k) and four pairs of bifundamental fields A i , B i , C i , D i as shown in figure 4 . At a first look, the theory seems chiral and it is not clear how the long-range forces vanish without modifications. Taking into account the symmetry of the quiver, though, we find that the contribution to the long range forces coming from A/B cancels with that of C/D, respectively. In fact, the theory can be seen as a Z 2 quotient of ABJM, effectively being vector-like and having a saddle point solution following the ansatz used so far. We assign to the fields charges under the perfect matchings, 28) where the affiliation to ABJM is manifest: Both baryonic directions are killed by the Z 2 flip symmetry of the quiver and we are left with the 4 mesonic charges only. Imposing the symmetry y 1 = y 3 and y 2 = y 4 , makes the orbifold of ABJM obvious even at the level of the free energy functional. As a solution we find consequently
The toric diagram is given in figure 4 and (A.7). Modulo a discrete Z 2 , the Hilbert series is trivial Hil(S 7 ; t i ) = 1 30) matching with (3.29) as t i = e −2εa i → 1.
Seiberg duality in vector-like theories
In this section we show that the large N free energy preserves the rules of Seiberg duality for vector like gauge theories worked out in [27] . First of all, we review the rules of Seiberg duality in three dimensional vector like CS matter theories with product groups, and their relation with toric duality. In three dimensions a vector multiplet can have either a YM or a CS term in the action. In the first case the theory is similar to the four dimensional parent but the rules of duality cannot be extended straightforwardly. Indeed, the vector multiplet has an additional scalar coming from the dimensional reduction which modifies the moduli space. As a consequence it was observed in [49] that the rules of Seiberg duality are modified by adding new gauge invariant degrees of freedom in the dual magnetic theory, which take into account the extra constraints on the moduli space. On the other hand, YM-CS (or even CS) theories do have a dual description with the same field content as their four dimensional parents. The only difference is on the gauge group. Indeed for CS SQCD with U (N ) k gauge group and N f pairs of Q andQ, the dual field theory has U (N f + |k| − N c ) k gauge group, as shown in [27] . The partition function has already been used to check this extension of CS N = 2 Seiberg duality in three dimensions in [17, 20, [50] [51] [52] [53] [54] . One may then wonder if the same rules can be extended to more complicated gauge theories, like the ones related by AdS/CFT to the motion of M2 branes on CY 4 . The first generalization of Seiberg like dualities on CS quiver gauge theories appeared in [26] for the ABJM model. It was observed that the field content transforms as in 4d while the gauge group transforms as
Differently from the four dimensional case, also the gauge group spectator feels the duality, since its CS level is modified. The above rule can be derived by looking at the system of branes engineering the gauge theory. This consists of a stack of N D3 on a circle and two pairs of (1, p) branes orthogonal to them. Moreover M fractional D3 branes on a semicircle connecting the fivebranes are added. By moving the fivebranes on the circle and by applying the s-rule [55] , when one stack of (1, p) branes crosses the other, the rule above is derived. It is then natural to extend these ideas to theories with a higher number of gauge groups. When these theories can be described as a set of (1, p i ) and D3 branes on a circle, they are the extension of the four dimensional L aba gauge theories [56] [57] [58] . They consist of a product of gauge groups U (N i ) with bifundamentals and adjoints (the presence of the adjoint is related to the choice of the angles between the (1, p i ) fivebranes). In absence of an adjoint field on the node N i the interaction in the superpotential is W i = X i−1,i X i,i+1 X i+1,i X i,i−1 while if there is an adjoint on N i we have
. The signs as in four dimensions alternate between + and −.
Even in this case the duality rules are found by exchanging the (1, p i ) and the (1, p i+1 ) fivebranes. The final rule is
while the matter field content and the interactions transform as in four dimensions.
Matching the free energy
In this section we provide the rules for the action of Seiberg duality (4.2) on the eigenvalues of non chiral theories and we show that the free energy matches even before the large N integrals are performed. Consider a duality on the i-th node. The CS level of this group becomes −k i and the imaginary part of this eigenvalue y i becomes −y i . Moreover the CS levels k i±1 (here we just refer to necklace quivers) become k i±1 + k i . This rule and the constraint that the sum of the CS level is vanishing provide the duality action on the eigenvalues. We have
Note that the shift in the rank of the gauge group has a subleading effect at large N . This apparently trivial statement is subtle, since naively one finds new fundamental-like terms scaling like N 3/2 , which descend from the N 5/2 contributions to F . To see this, let us consider a shift of the i-th rank by δN and collect the additional contributions to the free energy following (2.9) of [12] . At N 3/2 , one has extra contributions ρ x δN from the gauge sector, ρ x δN/2(∆ j,i − 1 + y j /4π) from each incoming and ρ x δN/2(∆ i,j − 1 − y j /4π) from each outgoing matter field, where j = i ± 1. We see that the net contribution cancels for the non-chiral theories at hand. The dependency on the y's drops out due to the vectorial nature of the quiver and the y-independent part is the anomaly cancellation of the 4d parent, which has already been used in the treatment of the long-range forces.
In the case of a L aba k i theory, we distinguish between the duality action on the classical term of the free energy (3.5) and the one on the loop contribution (3.6). By supposing that the duality acts on the i-th node, the CS levels transform as in (4.2) while the sum in the integral (3.5) becomes
By applying (4.2) this last formula becomes
The second term is the one loop contribution coming from the vector and the matter fields. In the non chiral case of L aba k i theories this contribution is
where F a,b
1L has been defined in (3.6) and the sum extends to the pairs of bifundamentals (a,b) and adjoint fields (a, a) (counted twice). We are going to show that the rules (4.2) leave F 1L invariant. This result is proven by distinguishing two cases. In the first case, shown in figure 5 , the theory does not posses adjoint fields in the first phase and after duality two adjoints arise. In the second case there is one adjoint field and the duality acts as in figure 6 .
Let us discuss the first case in more detail, where in the quiver before duality there are no adjoint fields (at least next to the group which undergoes the duality). The dual theory has instead two adjoint fields on the nodes N i±1 if the U (N i ) group is dualized. The superpotential
(1−∆) Figure 6 . Quiver diagram for the second type of the Seiberg duality
where in ∆W we collected all the superpotential terms which are not involved in the duality. Moreover there is a relation between the R charges ∆ in the two phases. Indeed the adjoint fields Y i±1,i±1 are related to the original fields as
and the R charges become
where the last equality follows from the symmetry of the L aba quivers. From (4.10) and from the constraints imposed by the superpotential the other R charges are assigned as in the figure 6. The fields which are not directly involved in the duality (mesons and dual quarks) have the same R charge in both the theories. At this stage of the discussion one can apply the rules (4.3) and check that even the matter content of the dual theories gives the same contribution to the free energy. We distinguish three sectors: the fields charged under N i , the adjoints and the bifundamentals uncharged under N i , and we show that each sector separately contributes with the same terms. The two pairs of bifundamental fields X i,i±1 and X i±1,i contribute to the free energy as
while in the dual phase this contribution is
The rules (4.3) map the newỹ variables in the former ones as
By substituting (4.13) in (4.12) formula (4.11) is recovered (with ρ =ρ as in F cl ).
The second contribution to the one loop free energy comes from the adjoint fields. In the electric theory this contribution vanishes, because there are no adjoints for the nodes N i±1 . In the dual theory there are two adjoint fields and their contribution is
In this case ∆ 1 = 2∆ and ∆ 2 = 2(1 − ∆) and the sum is vanishing, as in the other phase.
The last contribution comes from the other matter fields. The integrals are the same in both the phases and the relation (4.2) guarantees that δy αβ = δy αβ if α = i = β. This proves that the dual theories have the same F even before the extremization.
The second case is similar to the former one and we refer to it in the figure 6. By repeating the analysis on the superpotentials above one finds a distribution of R charges as in figure 6 . Then the analysis in straightforward. Indeed the contributions of the CS term and the one loop contribution of the bifundamental fields are exactly as before, while the contribution from the adjoints is trivially the same, since there is no y dependence for the adjoints and they have the same R charge.
Chiral-Like models
In the vector-like models we observed that the field theoretical quantities and their gravity duals match, corroborating the validity of the conjectured AdS/CFT duality for these models. In the chiral case the situation is different. Indeed, it is natural to apply the same techniques explained above to these cases, but both analytics and numerical computations do not match with the volume computations. In particular, the ansatz (3.4) is no longer valid, and as a result the free energy does not respect the supergravity dual prediction F ∝ N 3/2 , but F ∝ N 2 . This of course does not necessarily imply that the conjectured duality is ruled out, because the large N saddle point approximation relies on the assumption that we have identified a global minimum of the free energy. A solution whose corresponding free energy is proportional to N 3/2 would of course be energetically favored. We indeed found such a favored scaling in many examples numerically. Here we report on two cases, where we could reproduce the extremized value of the free energy also analytically.
Symmetrizing the free energy: vectorialization
In this section we compute the large N free energy of some chiral models by applying the symmetrization technique introduced in [29] . The quiver gauge theories that we consider are F (I) 0 {k,k,−k−k} and C 3 /Z 3 {k,k,−2k} , whose toric diagrams correspond to the Q 222 /Z k and M 111 /Z k models respectively. From now on we will denote these models with the corresponding Sasaki-Einstein space.
In these examples we checked that it is completely equivalent to fully symmetrize the integrand of the partition function or to only make explicit a Z 2 subgroup of the full symmetry group. Moreover, because the models only contain bifundamental fields, we treat their matter contributions in a unified way, and later we will specialize to each example.
Let us consider the partition function (3.1) for chiral-like models with |G| gauge groups. Call N (a,a+1) f the number of bifundamental fields between group a and group a + 1.
4 While the vector and Chern-Simons contributions remain unchanged under the symmetrization, the matter part becomes (up to a factor which gives a subleading contribution to the free energy in the large N limit)
where we defined
with ρ, η = ±1 and N (ab) f = 2 (respectively 3) for every a and b in the case of
. The matter contribution to the free energy reads
and its contribution to the equations of motion is
The last step requires some explanation. In the large N limit, every ξ is divergent. Nevertheless, we expect some of the χ's to be much larger than the others (see the discussion in [29] below equation (3.22) ). Then the sum restricts over the i's corresponding to the largest χ (i) 's. 5 The latter will of course be equal to each other, but their derivatives, in general, are not. n b represents the number of such greatest χ's.
We now introduce the simplifying assumption χ (1) = χ (2) . In turn, this implies either a constraint on the R charges to be determined after the solution is found or a constraint on the eigenvalue distribution. According to the discussion in [29] , assuming that the eigenvalue distribution is symmetric implies χ (1) = χ (2) . We will further discuss the validity of this assumption in the conclusions.
Then we write (5.4) as
where L Thus, we may apply the rules introduced in section 3 for vector-like field theories. Note that this "vectorialization" of the field theory closely resembles the one found in the weak coupling case [29] , where it was observed that at two loop order the contribution coming from a field in a representation of the gauge group is the same of that coming from a field in the conjugate representation, even at finite N . It would be interesting to check whether this is true at higher orders in perturbation theory and in the subleading contribution at strong coupling.
We now turn to the analysis of two explicit models.
We first consider a field theory with gauge group G = 4 a=1 U (N ) ka and four corresponding gauge fields. Each gauge field comes with a Chern-Simons term with level k a such that a k a = 0. There are two bifundamental fields connecting the a-th and (a + 1 mod 4)-th node. They are denoted X i a,a+1 , i = 1, 2. The matter content is summarized in the quiver diagram in figure 4 . In our conventions, an oriented arrow connecting node a to node b denotes one of the fields X i ab which is in the fundamental of U (N ) ka and in the antifundamental of U (N ) k b . The superpotential is given by (we always omit the coupling constants)
When the Chern-Simons levels are chosen to be k a = (k, k, −k, −k), the model is conjectured to describe the low energy theory of M2 branes probing the Calabi-Yau singularity which is a cone over Q 222 /Z k . In this case we may describe the dual geometry by means of its toric diagram, which is given by the (A.9).
We write the equations of motion (5.5) and the corresponding free energy functional according to the rules outlined in section 3, with ∆ + ab = 2∆ ab and ∆ − ab = 0. We do not report the details, because the free energy resembles the C/Z 2 case discussed in section 3.3, with slightly different charge assignments. We find that the extremal value of F , where all the fields have dimension 1/2 matches with the volume of the
We did not observe a matching of F with the geometry before extremization. Note that even tough the results for the vector-like models seem to suggest the full equivalence, no explanation like [24, 25] for this possibility has been given so far. Furthermore, in the well understood vector-like theories, the off-shell eigenvalue distribution is not symmetric anymore. Since the symmetry of the eigenvalues is the motivation for the simplifying assumption on the χ's, we are not too surprised to find the coincidence with the volumes only after extremalization.
Our next example contains three gauge groups and three bifundamental fields connecting each pair of nodes, as shown in Figure 7 . The gauge fields still come with a Chern-Simons term and the levels sum up to zero. The superpotential reads
where the bifundamental fields X a,a+1 are in the fundamental of U (N ) ka and in the antifundamental of U (N ) k a+1 . If the CS levels are chosen to be (k, k, −2k) the toric diagram is specified by (A.12). In this case the free energy has no vector-like counterpart. We use the rules in section 3 with ∆ + ab = 2∆ ab and ∆ − ab = 0 and determine the functional under the assumption that the eigenvalue distribution is symmetric. On the extremal locus, where all fields have R charge 2/3, the volume of the dual Sasaki-Einstein manifold is according to (3.9) Vol(Y ) = 9π
which agrees with the volume of a Z k orbifold of M 111 .
An alternative formula
In this section we look for a three dimensional generalization of [24] , in which it was shown that the volume minimization is equivalent to the a-maximization in field theory. Indeed in [24] the authors computed the geometrical R charges from the toric data and provided a formula for the a-function in terms of these geometrical R charges and of the toric diagram. Then in [35] it was observed that this formula could be simplified by imposing the constraints of the superpotential. The final result for the geometrical version of the a-function is
where v i represent the external points of the toric diagram, ·, ·, · is the area of the oriented surface generated by every set i, j, k of external points and R i are the R-charges associated to each point of the diagram, which represent the set of fields in a given perfect matching. This cubic formula corresponds to the sum of the areas among the external points weighted by the R charges of their PM. One may be tempted to extend (6.1) to the three dimensional case. Here the field theory candidate for the matching with the geometric data is the free energy. Then, our candidate geometrical version of the free energy, F g , is
We observe that (6.2) reproduces the Z function only if there aren't internal lines or surfaces in the toric diagram. Instead, if there are internal lines or surfaces, we didn't find any example in which (6.2) reproduces the Z function. Surprisingly, by adding some contribution related to the internal lines and surfaces we have reproduced the geometric Z as a function of the Reeb vector. We have not found a derivation for a general formula but we will show the equivalence in several examples.
The most interesting result is that in all the examples only a quartic correction in the R charges associated to the external points of the toric diagram is needed in order to identify F 2 g 1/Z. We therefore conjecture that this can always be done. If proven to be true, and if the corrected F g equals the field theoretical free energy, our discussion would offer a simpler extremization problem than the large N limit of the localized free energy. However, two comments are in order.
It is important to stress that this relation between F 2 g and Z does not involve any information about the dual field theory and applies directly to the toric diagram. This implies that it is not necessary to know the field theory dual but only the geometry of the mesonic moduli space to state the correspondence between F 2 g and Z. It follows that the F g function that we define cannot solve the problems discussed in [12] for the large N scaling of the free energy in chiral theories.
Another observation is that here we simply define the R charges of the perfect matchings associated to the external point of the toric diagram, and we do not relate them to any field theory description. With this procedure our candidate F g is always polynomial in the R charges contrary with the known examples computed in the literature [12, 14] and in section 3, where the free energy at large N is a rational function of the R charges of the fields and monopoles. Anyway we checked in every example that the large N free energy and our geometrical F g coincide once the symmetries among the perfect matchings are imposed.
Examples
The first case that we discuss is D 3 . In this case the toric diagram is The Z function in terms of the Reeb vector is
The R charges associated to the six external points become R i = 2Vol(Σ i )/Z. In this case we find that the conjectured geometrical free energy becomes
and with the constraint coming from the convexity x 1 x 3 + x 2 x 4 − x 3 x 4 > 0. The Z function is given by
By choosing x i > 0 and
and again ZF The Z function is
while F 2 g , if computed from (6.2), does not reproduce the expected result and it is a complicate expression. However we observe that in this case there exist two internal lines, connecting the points 1, 6 and 4, 5, and an internal plane which passes through the points 1, 4, 5 and 6. As we discussed above a correction proportional to ∆F
2 can be added to F 2 g . With this correction it is straightforward to observe that F 2 g and 1/Z match. 6 Up to SL(4, Z) transformations this class generalizes to every example of the class C 2 ×C where the C 2 basis refers to a four-dimensional parent theory with four external points.
We can consider another class of vector-like models in which (6.2) does not coincide with Z. We refer to this class as SP P ( 
It is interesting to observe that the formula is still quartic and the deformation of F g involves all the sets of coplanar and collinear external points .
The last examples that we analyze are associated to the chiral-like cases investigated in the paper, M 111 and Q 222 . If the intuition that we got from the other examples is correct one must add a contribution proportional to all the possible internal planes and lines, by a quartic combination of their charges.
Let us turn to the first of the two examples, where the toric diagram is
We found that the geometrical F 2 g and the Z function may be identified if a correction
(6.14)
is added to F 2 g (where R 4 and R 5 refer to the points with k 1 and −k 2 splitting. In the second case, Q 222 , the expression for F g reduces to the Z function only after adding the correction
We see that even in this case it is possible to express the free energy as a set of quartic combinations of the R charges. It would be interesting to find a derivation of this result like in [24] and to see if it provides, at least in the toric case, a different way for the computation of the free energy instead of the localization of [10] .
Discussion and future directions
In this paper we have given further evidence for some conjectured AdS/CFT dual pairs. We matched the supergravity computation with the field theoretical evaluation of the large N free energy of vector like toric quiver gauge theories. We also checked that the RG flows predicted by partial resolutions of the toric diagram are in agreement with the conjectured F -theorem.
Then we studied the behavior of the free energy in the infinite family of L aba k i models. We showed that at large N the partition function is preserved among the Seiberg/toric dual phases, where the rules of this duality where originally derived in [26] [27] [28] .
In the second part of the paper we focused on the free energy of chiral-like quiver gauge theories. Even if these models are conjectured to be dual to M-theory on AdS 4 × X 7 , the large N scaling of the free energy has not been observed [12] . Here we applied a recent proposal to evaluate in the saddle point approximation the free energy of some chiral-like field theories [29] . We observed that the expected scaling and the on-shell volume obtained from the supergravity computation can be recovered with our method in the cases Q 222 /Z k and M 111 /Z k . In the last part of the paper we commented on a different quantity that can give the information on the exact R charge in field theory. The construction is based on the four dimensional relation among the Z function and the a function. We constructed a field theoretical quantity which, in many examples, matches with the volume computation even before extremization.
We leave many open problems and we hope to come back on them in future publications. First, one can extend the relation among the free energy and the Hilbert series even to non toric theories, as observed in [25] for the a-maximization of [59] .
Another extension of our work is the role of the subleading contributions in the dualities that we checked here. Indeed, as we observed, the finite k contribution in the dual gauge group gives a leading contribution at large N which cancels because the theory is vector like. A deeper check should consist of matching the subleading contributions between the dual phases. Moreover one should study the existence of similar dualities among theories completely unrelated in four dimensions. Usually the dual phases are obtained by unhiggsing. In many cases the unhiggsing involves a bifundamental field and a chiral like theory is generated,. Anyway by unhiggsing an adjoint field the daughter theory is still vector like. For example this is the case for the third phase of D 3 discussed in [34] . This duality relates the classical mesonic moduli spaces, but a better check should be the matching of the free energy at large N .
An interesting result of the paper is the computation of the free energy at large N in the chiral like theories. Anyway in this case we left many open problems that deserve further studies. Indeed the symmetrization approach yet suffers on a limitation. In all known examples, the eigenvalue distribution has been shown to be a symmetric function after extremization with respect to the R charges. As we saw, when one assumes this, the terms contributing to the matter part of the free energy are equal to each other. In turn, this implies that the contributions from the monopole charges cancel out. Thus, with this assumption we can trust our free energy computation only for theories with expected vanishing monopole charge, which is why we had to restrict our analysis to few models. Relaxing the above assumption, and considering more general models, is a hard task, but it is necessary to further check the relation with the geometry and to check the conjectured AdS/CFT duality for these cases.
A further model with no expected monopole charge is the field theory dual to
It is easy to see that the symmetrized free energy for this model satisfies the same equations as the generalized conifold with levels (k, 0, −k, 0). Thus, we find a solution such that the free energy shows the expected scaling, namely F ∝ N 3/2 , but such that the field theory computation does not match with the supergravity one. It remains an open problem whether this argument rules out the conjectured duality or whether it is a shortcoming of the applied saddle point technique. Finally, we would like to comment on the dual phases of our models proposed in [28, 32, 34] . Strictly speaking, these dualities have been derived for vector-like models, but they were also shown to be applicable to some chiral-like theories, namely Q 111 /Z k and Q 222 /Z k . The latter has a toric phase which is the analog of the Phase II of F 0 in four dimensions. We applied our procedure to this phase as well, and got a result which differs from the expected one shown in section 5. We hope to clarify this mismatch in future works.
Notice that the full understanding of the quantum corrected moduli space of chiral theories is intricate. It certainly would be rewarding to see if an extension of the field theory models along the lines of [21] shed light on some of the open problems reported here.
Another observation regards the geometrical version of the free energy proposed in section 6. We observed that, when the three dimensional toric diagram has internal lines or surfaces, some corrections must be added such that F 2 g is the inverse of Z. Anyway we do not have either a general procedure or a derivation of the formula, and we only found out the corrections in every examples by hand. It would be important to find a deeper origin for our claim and shed new light on the relation among a and F maximization. Another subtle point which requires more investigation is the relation among the free energy computed in field theory and F g itself. Indeed as we already observed the first one is usually a rational function of the R charges of the PM while the second one is by construction a polynomial function of the R charges. In all the examples we studied they coincide up to the symmetries among the Σ i cycles wrapped by the M5 branes. Anyway it is still unclear if there exists a purely polynomial version of the (large N ) free energy as a function of the R charges in every N = 2 three dimensional field theory. and, applying the standard techniques discussed above, we find the volumes at arbitrary Reeb vector shown in figure 2 for the case k 2 = k 3 = −1. Note that we have chosen a different SL(4, Z) frame then in section 6. We can compute the volumes
,
The formula for Z is lengthy, we refrain from an explicit expression here. Note, nevertheless the two special cases D 3 , corresponding to CS levels (1, −1, 0), and 
